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ABSTRACT 
/ 6 9 3 1 7  
This study commences by demonstrating the important role played by the 
dispersion surfaces in the determination of the far fields of an infinitesimal 
dipole in a lossless, cold magneto-ionic medium. The dispersion su r f  aces are 
then classified, according to their shapes, for different ranges of the plasma 
parameters. A comprehensive group of radiation patterns is then given in- 
cluding far fields for each of the fourteen classified ranges of the plasma 
parameters. 
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I n  recent  years  considerable  a t t e n t i o n  has been d i r e c t e d  towards the  s tudy  
of r a d i a t i o n  from sources  i n  an i so t rop ic  media of an i n f i n i t e  homogeneous 
n a t u r e .  I t  is of g r e a t  in te res t  t o  study t h e  case of a cold l o s s l e s s  medium 
f o r  d i f f e r e n t  combinations of e l e c t r o n  dens i ty  and app l i ed  s teady  magnetic 
f i e l d .  The Appleton-Hartree equation c o n s t i t u t e s  t h e  mathematical d e s c r i p t i o n  
of t h e  "plasma" t h a t  is  o f t e n  used i n  t h i s  a n a l y s i s .  
s t u d i e d  ex tens ive ly .  [Bunkin, 1957, Kuehl, 1960, and Arbel and Felsen,  19631. 
Of more s p e c i f i c  i n t e r e s t  a r e  t h e  f a r  f i e l d s  of an i n f i n i t e s i m a l  d ipo le .  
Analy t ic  expressions fo r  t h e  asymptotic f i e l d s  have been a v a i l a b l e  f o r  some 
time i n  t h e  l i t e r a t u r e  but no extensive numerical c a l c u l a t i o n s  have been made 
f o r  t h e  f a r  f i e l d  p a t t e r n s  of a sho r t  d i p o l e .  The purpose of t h i s  s tudy  i s  
t o  b r i e f l y  summarize Keuhl's method of ca l cu la t ion ,  t o  demonstrate t h e  impor- 
t a n t  r o l e  t he  d i spe r s ion  su r faces  play i n  the  c a l c u l a t i o n  of t he  f a r  f i e l d s  
and t o  c l a s s i f y  t h e s e  var ious  types of d i spe r s ion  su r faces  according t o  
s p e c i f i c  ranges of t he  plasma parameters.  E x p l i c i t l y ,  t h e s e  parameters a r e  
t h e  e l e c t r o n  dens i ty ,  appl ied  s teady  magnetic f i e l d  and frequency, which may 
be convenient ly  represented i n  terms of t h e  dimensionless parameters X and Y, 
t o  be def ined l a t e r .  The s tudy  embraces i n f i n i t e ,  an i so t rop ic ,  homogeneous 
media and t r e a t s  only t h e  l o s s l e s s  case of a cold plasma. The paper inc ludes  
a b r i e f  d e s c r i p t i o n  of numerical ca l cu la t ion  techniques and t h e  s tudy  con- 
c ludes wi th  the  p re sen ta t ion  of t h e  f a r  f i e l d  p a t t e r n s  of an i n f i n i t e s i m a l  
d ipo le  ca l cu la t ed  f o r  s e v e r a l  d i f f e r e n t  combinations of t h e  plasma parameters .  
This  problem has been 
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2 .  THEORETICAL CONSIDERATIONS 
Maxwell's Equations i n  an a n i s o t r o p i c  homogeneous medium with a r e l a t i v e  
p e r m i t t i v i t y  dyadic and f r e e  space permeabi l i ty  are:  
0 
- - -  
v X H = ~ W E  0 K E + J  (1)  
- - 
V x  E = - j w Po H (2 1 
- 
where E and 
and W i s  t h e  angular frequency. A harmonic t i m e  dependence of e i s  assumed. 
are e l e c t r i c  and magnetic f i e l d  vec tors ,  J i s  t h e  cu r ren t  dens i ty ,  
jut  
A I n  a plasma with a z-directed s t eady  magnetic f i e l d ,  t h e  r e l a t i v e  per -  - 
m i t t i v i t y  dyadic  K is  of t h e  form 




u -Y Y -u 
K ' =  1 - -  X K = I - -  , K " = - -  
2 2  0 u 9  
2 ~ 
w 
N x = -  
0 
e B  
H m  
0 
W 2 
2 N e  w = -  w z -  a p o s i t i v e  number H Y = -  
W 
V U = 1 - j Z  .= 1-j - , v = c o l l i s i o n  frequency 
N = e l e c t r o n  d e n s i t y  
B = DC magnetic f l u x  d e n s i t y  
e = magnitude of e l e c t r o n  charge 
m = e l e c t r o n  mass 
ko = 2T/X 
Xo = f r e e  space wavelength 
0 
= f r e e  space wave number 
0 
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Taking curl of Equation (2) and using (11, obtain 
A general solution of (4) may be expressed as 
- - -  
where r (r,r')is the dyadic Green's function, the integration being performed 
over the volume V containing the source currents. For an infinitesimal dipole, 
- 
where 5 is the unit dyadic, and a(;> is the three-dimensional Dirac delta 
function. Substituting ( 5 )  and (6) into (4) and using some well-known vector 
identities we obtain the following equation satisfied by the dyadic Green's 
function: 
Now define the three-dimensional Fourier transform pair: 
00 00 
Transforming Equation ( 7 )  and letting 
one obtains 
- - -1 
Premult iplying by M and tak ing  t h e  inverse  Four i e r  t ransform one ob ta ins :  
- -  
= -1 - j K . r  - 
M e  dK 
- r (F) =. - 
- 
-1 P where M = - *  
- - 
Removing P outs ide  the  i n t e g r a l  i n  i t s  ope ra to r  form, D, w e  have 
00 
-00 
2 2 2 2 K ( K  - s  ) ( E z  - t  2 
Z Z 
1 - 1  
where s and t are  t h e  roo t s  of 1.1 = 0 [ A l l i s  - e t  - ' P  a1 19631. Next consider  
Z Z 
t h e  asymptotic evaluat ion of t h e  i n t e g r a l  appearing i n  (10) .  L e t  
- j K  .r 
P -
2 2 2 2 
( K Z  - S Z ( K z  - t z )  
I n t e g r a t e  the above equat ion over  K us ing  t h e  ca lcu lus  of res idues  and 
Z 
t ransform the  x,y,z system t o  a r,e,c$ s p h e r i c a l  coordinate  s y s t e m .  Also t h e  
t ransform var iab les  K ' and K can be transformed i n t o  a p o l a r  coord ina te  
s y s t e m  P ,  P a  
us ing  t h e  saddle  poin t  method for l a rge  k r ,  t h e  r e s u l t  being t h a t  asymptoti- 
X Y 
Af te r  i n t e g r a t i n g  over  P t h e  remaining i n t e g r a l  can be evaluated 
0 
c a l l y  
2 
271 j Cos 6 where ~ ~ ~ ( e )  = - 






n S i n  $mn 
(14a) 
m 
[ (K'-K )2n4 Sin4$ -4KoK tr2 (n 2 S in  2 $ -K ) ][ (n~n-nmn)COs(+,-8)-2n~nSin($mn-6) ] 
o mn mn mn m n o  
and 
-jfw;mn k r 
N o t e  t h a t  i f  n i s  imaginary e o decays exponent ia l ly  and t h e r e  w i l l  be 
no f a r  f i e l d .  n' and nr' denote t h e  f i r s t  and second d e r i v a t i v e  of n respec- 
t i v e l y ,  eva lua ted  a t  $mn. H e r e  
m t 
mn mn m 
2 2 2 112 2 [K'(K'-K )-K" ]Sin $ + 2K'K + [K'(K'-K )-KVt2l2Sin4$ + 4Ko K cos ($1 
(15) 
2 0 0 -  0 
2(K' Sin2$ i KoCos  4) 2 
n (4) = m 
n ($1, m = 1,2 (ordinary,  ex t raord inary) ,  a r e  t h e  t w o  d i spe r s ion  curves and 
t h e  sadd le  po in t  condi t ion is 
m 
d d - [nm($m) Cos ($m-g)] = 0, m = 1, and 2 .  i .e. - (nm) = n tan(+-8). (16) 
d$ d+ m 
I t  may be shown t h a t  i n  gene ra l  there  i s  more than one s o l u t i o n  of (16) and 
t h e s e  s o l u t i o n s  can be i d e n t i f i e d  by 4 where n may be 1, 2, o r  3, depending 
mn 
on t h e  shape of t h e  n curves. The d e t a i l s  of t h i s  eva lua t ion  a r e  to  be found 
i n  Kuehl. 
t o  f i n a l l y  y i e l d  r (y),  t h e  Green's dyadic, which can be regarded as a 3 x 3 
mat r ix .  TO c a l c u l a t e  t h e  f a r  f i e l d s  of a z -d i rec ted  i n f i n i t e s i m a l  d i p o l e  only 
t h r e e  of t h e s e  9 components need be c a l c u l a t e d .  They a r e :  
m - 




} (18) r = G m-1 22 2 n 4-1) n mn Sin 4 mn Cos $mn [ (nmn -K1) Sinv c jK" Cosq]  Fmn 2 m 2  2 
YZ 
2 2 2 
mn 
2 r = G m-1 Z C n (-lIm [(nmn-K') (nmn Cos +mn-Kt) - K'"] F zz 
where 
- 
The infinitesimally small dipole of dipole moment p located at the origin yields 
an electric field given by 
This equation may be employed to calculate the far field patterns after inserting 
the asymptotic form of RP) in (21). 
- 
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3 .  REFRACTIVE INDEX SURFACES 
As w a s  demonstrated i n  the  previous s e c t i o n  t h e  r e f r a c t i v e  index sur faces ,  
n ($), m = 1, 2, play  an important r o l e  i n  t h e  determinat ion of t h e  f a r  f i e l d s  
of a source i n  a plasma. I t  is  necessary t o  have a d e s c r i p t i o n  of t h e  refrac- 
t i v e  index s u r f a c e s  f o r  each mode of propagat ion.  The shape of t h e s e  su r faces  
i s  a func t ion  of t he  dimensionless parameters X and Y which a r e  used t o  desc r ibe  
t h e  lossless (Z = 0 )  medium. These su r faces  a r e  su r faces  of r evo lu t ion  about 
an a x i s  p a r a l l e l  t o  t h e  d i r e c t i o n  of t he  imposed s teady  magnetic f i e l d .  Thus 
two-dimensional p l o t s  of t h e  curves, which a r e  c ross -sec t ions  of t he  su r faces  
i n  an a x i a l  plane, s e rve  t o  descr ibe the  complex r e f r a c t i v e  index s u r f a c e s .  
Another form of equat ion (15) i n  terms of X and Y is :  
m 
These a r e  t he  curves which descr ibe  the above su r faces  f o r  a l o s s l e s s  a n i s o t r o p i c  
cold plasma. I t  is  common p r a c t i c e  t o  a s s o c i a t e  t h e  s u b s c r i p t  m = 1 w i t h  t h e  
+ s i g n  and t h e  nomenclature 'ordinary wave', and m = 2 w i t h  t he  - s i g n  and t h e  
' ex t r ao rd ina ry  wave'. For t h e  l o s s l e s s  case n ($1 i s  always real f o r  a l l  
va lues  of $. 
Consequently one need only  ca l cu la t e  nm($) f o r  0 5 $ 5 n/2, t h e  rest of t h e  curve 
being obta ined  from the above r e l a t i o n s .  From t h e  l a s t  s e c t i o n  i t  i s  seen  t h a t  
t he  asymptot ic  f a r  f i e l d s  of an i n f i n i t e s i m a l  d ipo le  a r e  expres s ib l e  i n  terms of 
n ($1, and i t s  first and second de r iva t ives  eva lua ted  a t  the sadd le  p o i n t s .  
Deschamps and Kesler [ 19641 have recent ly  shown t h a t  t h e  f a r  f i e l d s  of a source 
i n  a magnetoplasma may be expressed by 
2 




where h is  t h e  Gaussian r ad ius  of curvature  of t h e  r e f r a c t i v e  index su r faces ,  





f i e l d  v e c t o r .  The important po in t  t o  note  i s  t h a t  t h e  Gaussian r ad ius  of 
curvature  of t he  complex r e f r a c t i v e  index su r faces  i s  a dominating f a c t o r  i n  
t h e  determinat ion of t h e  f a r  f i e l d s .  
i s  t h e  magnetic e igenvector  and F ( r )  i s  t h e  c h a r a c t e r i s t i c  (source f r e e )  m k 
I t  is  thus  des i r ab le  t o  have a genera l  knowledge of t h e  c h a r a c t e r i s t i c  
shapes of t h e  n (4) curves t h a t  w i l l  be generated by d i f f e r e n t  combinations 
of e l e c t r o n  dens i ty  and imposed s teady  magnetic f i e l d o o  
m 
Clemmow and Mulally, [ 1955 ] , have c l a s s i f i e d  t h e  r e f r a c t i v e  index curves 
i n t o  e igh t  d i s t i n c t  types,  according t o  c e r t a i n  f e a t u r e s  of t h e i r  shapes.  These 
w i l l  henceforth- be r e f e r r e d  t o  a s  t he  c h a r a c t e r i s t i c  shapes.  The regions of 
t h e  X-Y plane t o  which these  c h a r a c t e r i s t i c  shapes correspond w e r e  given 
a n a l y t i c a l l y .  This c l a s s i f i c a t i o n  is  extended and c l a r i f i e d  somewhat i n  t h i s  
s tudy 0 
The graph of Figure (1)  shows t h e  d i v i s i o n  of t h e  X-Y plane i n t o  fou r t een  
sepa ra t e  reg ions .  Each region i s  numbered according t o  t h e  kind of charac- 
t e r i s t i c  shape of t h e  r e f r a c t i v e  index su r face  t h a t  e x i s t s  f o r  those ranges 
of values  of X and Y .  The numbers t h e r e i n  r e f e r  t o  t h e  c h a r a c t e r i s t i c  shapes 
shown i n  t h e  lower r i g h t  hand p a r t  of t h e  graph. The numbers are subscr ip ted  
0 or E i n d i c a t i n g  whether t h e  c h a r a c t e r i s t i c  shape i s  a s soc ia t ed  with t h e  
ord inary  or ext raord inary  wave, 
shown. 
not been numbered ( i - e . ,  X > 1+Y,  Y < 1 ) .  There a r e  no f a r  f i e l d s  generated 
when t h e  medium parameters (X,Y) are i n  t h i s  reg ion .  
Only t h e  r e a l  p a r t s  of t he  nm('-k) curves are 
The region where t h e  curves a r e  completely imaginary f o r  a l l  '-k has 
I t  should be noted t h a t  c h a r a c t e r i s t i c  shapes numbered 2,4,6 and 8 have 
po in t s  of i n f l e c t i o n  f o r  some values  of $> while  t h e  remaining 4 curves have 
not  Furthermore, curves 1 , 2 , 3  and 4 a r e  associated with both ord inary  and 
ex t raord inary  waves while  c h a r a c t e r i s t i c  shapes numbered 5,6,7 and 8 a r e  
a s soc ia t ed  exc lus ive ly  with ex t raord inary  waves. 
Some examples of s p e c i f i c  values  of (X,Y) w i l l  now be given: 
(a)  X = 100, Y = 10. This  f a l l s  w i th in  t h e  region marked 8 This  means 
t h a t  only n ($1 is  real  and has t h e  c h a r a c t e r i s t i c  shape shown by 
curve 8.  Thus only an ex t raord inary  wave e x i s t s  i n  t h e  f a r  f i e l d .  
Since n ($1 i s  e n t i r e l y  imaginary f o r  a l l  4' t h e  ord inary  wave does 
not  cont r ibu te  t o  the  f a r  f i e l d .  






(b) X = 1.5, Y = 1 0  l ies i n  t h e  region marked 4 and 7 The ord inary  0 E' 
wave i s  a s soc ia t ed  w i t h  c h a r a c t e r i s t i c  shape 4 and t h e  ex t r ao rd ina ry  
wave with shape 7. 
For a given value of m t h e r e  may e x i s t  more than one saddle  poin t ,  t h a t  
is, more than one s o l u t i o n  t o  Equation (16). There can be e i t h e r  one, two 
o r  t h r e e  saddle  po in t s  f o r  a given m. The ex i s t ence  of more than one saddle  
po in t  occurs  f o r  some values  of 0 only f o r  curves conta in ing  po in t s  of 
i n f l e c t i o n ,  i.e., those  curves numbered 2,4,6 and 8 .  When these curves are 
encountered t h e r e  w i l l  be a merging of two saddle  p o i n t s  a t  t he  po in t  of 
i n f l e c t i o n  f o r  some value of 8 and the s i n g l e  saddle  po in t  asymptotic 
eva lua t ion  is  no longer  v a l i d ;  one mus t  r e s o r t  t o  t h e  double saddle  po in t  
method of eva lua t ion  which involves  the  A i r y  i n t e g r a l  type of r ep resen ta t ion ,  
[Arbel  and Felsen, 19631. 
I t  i s  t o  be noted t h a t  the present  s tudy  extends Clemmow and Mulally 's  
d e s c r i p t i o n  i n  t h a t  the ord inary  and ex t r ao rd ina ry  waves are associated wi th  
t h e  c h a r a c t e r i s t i c  shapes of t h e  r e f r a c t i v e  index curves of each of t h e  fou r t een  
reg ions  of the X-Y plane.  
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4 ,  NUMERICAL CALCULATIONS 
The numerical c a l c u l a t i o n  of t he  f a r  f i e l d s  of a z -d i rec ted  d ipole ,  i . e . ,  
A -  - J = z b ( r ) ,  w a s  c a r r i ed  out i n  fou r  s epa ra t e  s t ages ,  f o r  e ighteen  d i f f e r e n t  
sets of ( X , Y )  as shown on t h e  graph of t he  X-Y plane embracing a l l  t he  
fou r t een  r eg ions .  
Computation of r e f r a c t i v e  inaex curves was done on t h e  Univers i ty  
of I l l i n o i s  IBM 7094 computer using Equation (22) 
The curves n ($) and n,($) were then p l o t t e d .  
n ($) i nd ica t e  propagation while  imaginary values  i n d i c a t e  cu to f f ,  
a s  seen i n  Equation (14-b) . 
Computation of t he  saddle  po in t s  w a s  accomplished by using a 
geometrical  cons t ruc t ion  [Mi t t r a  and Deschamps, 19621 f o r  t h e  
so lu t ion  of Equation (16) ar.d then i t e r a t i n g  t o  ob ta in  more precise 
so lu t ions  by t h e  Newton-Raphson method. The i t e r a t e d  saddle  po in t s  
were then used a s  input  da t a  t o  t h e  program f o r  t h e  computation of 
t h e  f a r  f i e l d s  
The saddle poin t  so lu t ions  $mn f o r  a f ixed  angle  8 were used i n  
Equations (17) through (21) t o  compute the  e l e c t r i c  f i e l d  which was 
then transformed i n t o  s p h e r i c a l  components . 
I n  c e r t a i n  cases  (where $ =. 8 )  a t  8=0 and n/2 Equation (14-a) i s  
an indeterminate  form. A modified approach f o r  t h e  c a l c u l a t i o n  of 
A as given by Kuehl i s  then employed. 





Throughout the ca l cu la t ion  k r = 100 was used. I t  should be pointed out  
0 
t h a t  i n  gene ra l  the t o t a l  f i e l d s  may be q u i t e  dependent on t h e  magnitude of 
k r s i n c e  i t  a f f e c t s  t he  phase between the  ord inary  and ex t raord inary  waves. 
This  i s  seen i n  Equation (13) I n  some cases  t h e  ind iv idua l  ord inary  and 
ex t raord inary  components of t he  e l e c t r i c  f i e l d  behave i n  a p e c u l i a r  fashion,  
but t h e  vec to r  sum y i e l d s  t o t a l  f i e l d s  of a f a m i l i a r  behavior .  This  i s  espe- 




5.  FAR FIELD PATTERNS 
A A t  t he  end of t h i s  s tudy  the  f a r  f i e l d s  of a z -d i rec ted  d ipo le  a r e  given 
f o r  18 d i f f e r e n t  combinations of t h e  plasma parameters X and Y.  These 18 
p o i n t s  are shown i n  Figure 1. 
The d i spe r s ion  su r faces  are shown f o r  m = 1 and m = 2, ca lcu la t ed  by 
Equation (22). Under each d ispers ion  curve a r e  t h e  corresponding ord inary  or  
ex t r ao rd ina ry  components of t he  e l e c t r i c  f i e l d ,  given i n  s p h e r i c a l  coord ina tes .  
They a r e  designated E E and E f o r  the ord inary  wave components and 
s i m i l a r l y  f o r  t h e  ex t r ao rd ina ry  wave components. Broken l ines  i n d i c a t e  t h a t  
the computation y i e l d s  i n f i n i t i e s .  These i n f i n i t i e s  occur due t o  t h e  d i spe r s ion  
curves conta in ing  the  p o i n t s  of i n f l e c t i o n .  I t  should be pointed out  tha t  t h e  
double saddle  po in t  method of eva lua t ion  was not used a t  these p o i n t s  of i n f l e c -  
t i o n .  The t o t a l  f a r  f i e l d s  f o r  k r = 100 are shown i n  t h e  r i g h t  hand column. 
A l l  t h e  f i e l d s  p a t t e r n s  are shown only f o r  0 < 8 < T / 2 ,  the rest of t h e  p a t t e r n  
being found through symmetry p rope r t i e s .  
R1' 01' a 
0 
- -  
I t  is  i n t e r e s t i n g  t o  no te  the  behavior of E a t  8 = T / 2  i n  set #8, which 
eT 
i s  f a i r l y  c lose  t o  the  f r e e  space condi t ion.  This r e s u l t  should be compared 
with set #4. 
t h e  f a r - f i e l d  p a t t e r n  d i f f e r s  i n t e r e s t i n g l y  from the  i s o t r o p i c  p a t t e r n .  
Although the  plasma parameters of set #S are s t i l l  near - i so t ropic ,  
I t  should be noted tha t  i f  t h e  d i spe r s ion  su r face  i s  completely imaginary 
f o r  a l l  4, i t  is  not shown a t  a l l  because no f a r  f i e l d s  a r e  generated fo r  t h a t  
v a l u e  of m .  The t o t a l  f a r  f i e l d s  a re  those  shown f o r  t h e  o t h e r  value of m 




I This  s tudy has  presented a comprehensive c l a s s i f i c a t i o n  of t h e  d i spe r s ion  
curves,and Figure (1)  o f f e r s  a u s e f u l  g raph ica l  r ep resen ta t ion  of t h i s  c l a s s i -  
f i c a t i o n .  Since t h e  shapes of t hese  curves p lay  an important r o l e  i n  t h e  
ca l cu la t ion  of the f a r  f i e l d s ,  t h i s  c l a s s l f l c a t i o n  permits  a rough p red ic t ion  
of some of t h e  pa t t e rn  c h a r a c t e r i s t i c s  of t h e  far f i e l d s  of a d ipo le  f o r  any 
choice of t h e  plasma parameters X and Y. T: can a l s o  be u s e f u l  i n  t h e  
s e l e c t i o n  of plasma parameters i n  p r a c t i c a l  cases  where only t h e  ord inary  or 
ext raord inary  wave i s  des i r ed .  This  may f i n d  app l i ca t ion  i n  the  s tudy  of 
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Figure 5 .  
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